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Convect ive  mot ions  in a po rous  m e d i u m  fi l l ing a ho r i zon ta l  cy l i nde r  with a c r o s s  sec t ion  of 
a r b i t r a r y  shape and hea ted  f r o m  below a r e  s tudied.  The s m a l l - p a r a m e t e r  me thod  is used  
to  obtain inf ini te ly  m a n y  s t a t i ona ry  mot ions  f o r m i n g  a o n e - p a r a m e t e r  f ami ly .  F o r  sma l l  
va lues  of  the p a r a m e t e r ,  all  of these  mot ions  a r e  s table  with r e s p e c t  to  s m a l l  p e r t u r b a t i o n s .  
The a r t i c l e  a l so  d i s c u s s e s  the c a s e  of heat ing which is not s t r i c t l y  ve r t i c a l .  It is found that  
in th is  ca se  only one s t a t i o n a r y  mot ion  is s tab le .  

1. We c o n s i d e r  a c lo sed  vo lume f i l led with a porous  m e d i u m  s a t u r a t e d  with a liquid. The equat ions  
of heat  convec t ion  in a po rous  m e d i u m  have the  f o r m  [1] 

t Ov t , v ( 1 . 1 )  
Ot 91 ~Tp ~- g~jT7 - -  ~" v; 

b OT 3-7- + v v T  = zAT; 

div v = 0 .  

H e r e  v is the f i l t ra t ion  ve loc i ty ;  T is the  t e m p e r a t u r e ,  m e a s u r e d  f r o m  s o m e  a v e r a g e  value;  p is the p r e s -  
su re ;  p is the densi ty;  g is the a c c e l e r a t i o n  of  gravi ty ;  fl is the coef f ic ien t  of t h e r m a l  expansion;  v is the 
k inema t i c  v i scos i ty ;  K is the pe rmeab i l i t y ;  r is the poros i ty ;  b = ( p C p ) m / ( p  Cp)f; • = ~ n / ( p  Cp)f; y is a unit 
v e c t o r  d i r e c t e d  v e r t i c a l l y  upward .  The  subsc r ip t  f denotes  quant i t ies  r e l a t ing  to  the liquid, and the sub-  
s c r ip t  m denotes  quant i t ies  r e l a t ing  to the po rous  m e d i u m  t o g e t h e r  with the  liquid. 

The c h a r a c t e r i s t i c  t ime  of  equa l i za t ion  of  the ve loc i ty  is r v ~  K / r e  , and the c h a r a c t e r i s t i c  t ime  of 
equa l iza t ion  of the t e m p e r a t u r e  is T T ~ h2/•f , w h e r e  h is the c h a r a c t e r i s t i c  d imens ion  of the cavi ty;  Xf is 
the  t h e r m a l  di f fus ivi ty  of the liquid. F o r  the va lues  ~ f / v  ~ 1, r "~ 0.1, h "~ 10 cm,  K "  10 -4 cm -2, which a re  
t yp i ca l  f o r  l a b o r a t o r y  condi t ions ,  we obtain r v / r  T ~ lb-5  << 1, so tha t  we can omi t  the t e r r a  involving the 
de r iva t ive  with r e s p e c t  to t ime  in the  equat ion of mot ion,  while r e ta in ing  the analogous  t e r m  in the equa-  
t ion  of  heat  conduct ion.  

On the su r face  S bounding the volume the n o r m a l  component  of the f i l t r a t ion  veloci ty ,  Vn, vanishes ,  
and we a r e  given a t e m p e r a t u r e  d i s t r ibu t ion  such  that  if t he re  is no mot ion  in the  reg ion ,  a cons tant  v e r -  
t i ca l  t e m p e r a t u r e  grad ien t  A is e s t ab l i shed  (for hea t ing  f r o m  below we have  A > 0). Under  t he se  condit ions,  
Eqs .  (1.1) admi t  of an equ i l ib r ium solut ion with v = 0. F o r  suff ic ient ly  l a rge  values  of A the equ i l ib r ium be -  
c o m e s  uns tab le .  Le t  us wr i t e  the equat ion fo r  finite d i s t u rbances  o f  the equ i l ib r ium.  We in t roduce  di -  
m e n s i o n l e s s  va r i ab l e s ,  s e l ec t ing  the fol lowing units:  fo r  d i s tance  the  c h a r a c t e r i s t i c  d imens ion  h of  the 
cavi ty,  f o r  ve loc i ty  H/h,  f o r  t ime  bh2/x , fo r  p r e s s u r e  v ) / /Kpf ,  and fo r  t e m p e r a t u r e  ~tv){ A/gfl fK. As a r e -  
suit ,  we obtain the fol lowing s y s t e m  of equat ions:  

- -  V p + c T 7  - -  v=O; 
OT 

+ v v T  = AT + cvT; 

div v=O 

with the boundary  condi t ions  

Tis =v,,ls =0.  
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H e r e  c = V R ;  t / -  g~Ah2K iS t he  ana log  of the  R a y l e i g h  n u m b e r .  

W e  c o n s i d e r  a c a v i t y  in t he  f o r m  of  a h o r i z o n t a l  c y l i n d e r  wi th  c r o s s  s e c t i o n  D bounded  by  the  con tou r  
r .  We  i n t r o d u c e  the  s y s t e m  of  c o o r d i n a t e s  x,  y,  z,  in  which  the  z ax i s  i s  d i r e c t e d  p a r a l l e l  to a g e n e r a t o r  
of  t he  c y l i n d e r  and the  y ax i s  is d i r e c t e d  v e r t i c a l l y  upw a rd .  

We s h a l l  conf ine  o u r s e l v e s  to  c o n s i d e r a t i o n  of p lane  mot ion ,  fo r  which  v z and  a l l  the  qua n t i t i e s  a r e  
independen t  of z .  

We i n t r o d u c e  the  s t r e a m  func t ion  by m e a n s  of the  r e l a t i o n s  

- - 0 ~ '  ~" 

In t e r m s  of t h e  s t r e a m  funct ion ,  the  equa t ions  and the  b o u n d a r y  cond i t ions  t a k e  the  f o r m  

o1" c~T O~ (1.2) A~- -c . - -=0 ;ex  ~ T '  D ( t ~ , r ) = A T - t - e o z ;  

T]r =~lr =0. (1.3) 

Here  D(r  T) is  t he  J a c o b i a n  with  r e s p e c t  to the  v a r i a b l e s  x, y .  

The  equa t ions  fo r  s m a l l  p e r t u r b a t i o n s  of the  e q u i l i b r i u m  a r e  o b t a i n e d  f r o m  (1.25 by  o m i t t i n g  the  non-  
l i n e a r  t e r m .  F o r  t h e s e  equa t ions  the  p r i n c i p l e  of  m o n o t o n i c i t y  of p e r t u r b a t i o n s  can  be shown in the  u sua l  
way  [2]. T h e r e f o r e  fo r  c r i t i c a l  p e r t u r b a t i o n s  we sha l l  have  the  equa t ions  

A ~  r)T ~ AT ~- c ~ = 0 (1.4) - -  c ,  o--~ = u ;  * ox 

with  the  b o u n d a r y  cond i t ions  (1.3) ( c .  i s  the  c r i t i c a l  va lue  of  the  p a r a m e t e r  c) .  I t  can  be s een  tha t  if  ~ 2, 
T 1 i s  a s o l u t i o n  of  the  p r o b l e m  (1 .4)- (1 .3) ,  then  

~,~2= 2rl; T ~=- -~ I  (1.55 

i s  a l so  a so lu t ion  and the  two s o l u t i o n s  a r e  l i n e a r l y  independen t .  Thus ,  a l l  the  c r i t i c a l  n u m b e r s  c ,  a r e  at 
l e a s t  doubly  d e g e n e r a t e .  A h i g h e r  m u I t i p l i c i t y  of d e g e n e r a c y  e v i d e n t l y  can e x i s t  i f  t h e r e  is  a s p e c i a l  s y m -  
m e t r y  in the  r eg ion ,  and  t h e r e f o r e  we s h a l l  h e r e a f t e r  a s s u m e  tha t  the  l o w e r  l e v e l  i s  doubly  d e g e n e r a t e .  In 
any c a s e ,  th i s  i s  t r u e  fo r  a r e g i o n  of  s q u a r e  shape ,  f o r  wh ich  we can  ob ta in  an e x a c t  so lu t ion  of  the  p r o b l e m  
(1.45-(1.35. P l a c i n g  the  o r i g i n  at  the  c e n t e r  of  the  s q u a r e  and t a k i n g  ha l f  the  s ide  of the  s q u a r e  as  ou r  unit  
of  length,  we can  w r i t e  t h i s  s o l u t i o n  in the  f o r m  

= (cos 71z + cos ~2x) cos ~ ;  

T = (sin 7ix + sin 7~x) cos ~y n V 2 7  1 
- -~-2; 71,2 = - -  z 

The  second  so lu t i on  i s  o b t a i n e d  f r o m  th i s  by the  t r a n s f o r m a t i o n  (1.55. The c o r r e s p o n d i n g  c r i t i c a l  n u m b e r  
i s  c .  =~4-g. 

2. Now let  us s tudy  the  s t a t i o n a r y  so lu t ions  of the  s y s t e m  (1 .2)- (1 .3) ,  wh ich  b r a n c h  off f r o m  the t r i v i a l  
so lu t ion  at  the  point  c = c . .  We s h a l l  t r y  to f ind  the  so lu t ion  in the  f o r m  of  s e r i e s  in f r a c t i o n a l  p o w e r s  of 
( c - c . ) .  T h e s e  s e r i e s  c~m be  ob t a ined  by  s t a n d a r d  m e t h o d s  of b r a n c h i n g  t h e o r y '  [3]; h o w e v e r ,  b e c a u s e  of 
t he  double  d e g e n e r a c y  of t he  l i n e a r  p r o b l e m ,  we cannot  show the  c o n v e r g e n c e  of  the  r e s u l t i n g  s e r i e s ,  un-  
l ike  the  c a s e  of convec t ion  in a h o m o g e n e o u s  l iquid  [4], in which  the  f i r s t  c r i t i c a l  n u m b e r  is  not  d e g e n e r a t e .  
The  s e r i e s  t h e m s e l v e s  can  m o r e  c o n v e n i e n t l y  be ob ta ined  by the  m e t h o d  of u n d e t e r m i n e d  c o e f f i c i e n t s .  

F i r s t  we r e w r i t e  the  p r o b l e m  in a s o m e w h a t  d i f f e r e n t  f o r m .  We i n t r o d u c e  the  func t ion  cp =~b + i T .  
F r o m  (1.2)-(1.3)  we ob ta in  a b o u n d a r y - v a l u e  p r o b l e m  fo r  the  funct ion ~0: 

~--~ q@=0. (2.1) t o(~-~5 I D(%~)  = ~  + iC Ox, 
2 Ot 2 

H e r e a f t e r  we s h a l l  not  w r i t e  out the  b o u n d a r y  c o n d i t i o n s .  A b a r  above  a s y m b o l  w i l l  denote  a c o m p l e x  c o n -  
j u g a t e .  

As  in the  t h e o r y  of convec t ion  in a h o m o g e n e o u s  l iquid  [2], we can  show tha t  when c <  c , ,  t h e r e  a r e  
no s t a t i o n a r y  s o l u t i o n s .  I t  i s  t h e r e f o r e  n a t u r a l  to t r y  to  f ind a so lu t ion  f o r  c > e .  in the  f o r m  of s e r i e s  in 
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f rac t iona l  powers  of ( c - c , ) ,  where  the exponents a r e  mul t ip les  of 1 /n  with even n. As is known [2, 4], in 
the case  of convection in a homogeneous  liquid the solution can be r e p r e s e n t e d  in the f o r m  of s e r i e s  with 
n =2. Since in our case  the nonl inear i ty  is also quadrat ic ,  we shall  t r y  to find the s t a t i o n a r y  solution in the 
fo rm of a s e r i e s  

oo; 

(9. (x,'g) =- E % (x, g) ~'~; ~ .=V2(c -c . ) .  (2.2) 

The poss ib i l i ty  of r ep re sen t i ng  the solution in the f o r m  of a s e r i e s  in o ther  powers  of h will not be con-  
s idered  fu r the r .  

Substituting (2.25 into (2.1) and col lect ing t e r m s  with equal  powers  of X, we obtain an infinite sys t em 
of linked equations,  

0x Z D (,~j, ;p,_~), n = t ,  2 . . . .  
i = l  

Here  L = - 2  [A + i c ,  (0 /3  x5 ], and quanti t ies  with nonposit ive indices a r e  a s sumed  to be identical ly ze ro .  

F o r  the f i r s t  o r d e r  we have a homogeneous p rob lem Lq91 =0. We wr i t e  the solution in the f o r m  q01 = 
exp (i~ 5f, where  ~ E ( -  ~ / 2 ,  ~ /2 ] ,  and f is the solution of the p rob lem of c r i t i ca l  pe r tu rba t ions  no rmed  by 

the condition 

-oi  
/ l ~ \ = c 7 '  < l v l l  2} = 2. 

The pointed b racke t s  denote in tegra t ion with r e spec t  to D. The ampli tude ~ and the phase  ~ mus t  be d e t e r -  
mined f rom the conditions of solvabi l i ty  of the h i g h e r - o r d e r  equations.  The o p e r a t o r  adjoint to L coincides 
with its complex  conjugate, and t he re fo re  the condition for  solvabi l i ty  in the n - t h - o r d e r  case  has  the fo rm 

"'~ 0q~-2 \" + Z ( fD (q~j, ~_y)} = 0. (2.3) i \ ~  -'E--z / j=~ 

In the equation for  q~2 

Lq~:=e"-D(],~ (2.4) 

the phase  ~ does not appear .  T h e r e f o r e  go 2 depends only on the ampli tude e .  The condition for  solvabil i ty 
of Eq. (2.4), < T D ( f - ~  > =0, is ident ical ly sat isf ied,  i .e. ,  ~ and ~ are  undefined for  this o r d e r .  For  n =3 
we obtain f rom (2.35, a f t e r  some  s imple  t r an s fo rma t ions ,  the equation 

<GD(I, 7)>=2.  

F r o m  this re la t ion  we can de te rmine  e except  for  i ts  sign, which co r responds  to the two possible  direct ions 
of c i rcula t ion for  a given ~j. 

It can be shown that for  any ~ the solvabi l i ty  condition (2.3) can be sa t i s f ied  for  all  o r d e r s .  

Thus,  when c > e , ,  we can cons t ruc t  infinitely many  s ta t ionary  solutions of the sy s t em (1.2) in the 
f o r m  of s e r i e s  in k .  These  solut ions di f fer  in the value of the p a r a m e t e r  ~ .  The quest ions concerning the 
convergence  of the expansions and the exis tence  of other  solutions r e m a i n  open. 

3. It i s  of in te res t  to inves t iga te  the s tabi l i ty  of the solutions cons t ruc ted  in Sec. 2 for  smal l  p e r -  
turba t ions .  Denoting a pe r tu rba t ion  by a p r ime ,  we obtain f rom (2.15, a f te r  l inear iza t ion,  the equation 

~  0t (3.1) 

We cons ider  the "normal"  per turbat ions:  

qD'(x, g, t ) :  Z (x, g) exp (at)q- • (x, y) exp (~t)i (3.2) 

Substituting (3.2) into (3.1), we obtain a s y s t em of equations for  the ampl i tudes  • and u: 

L7. = i k 2 ~  + D (% 7~) + D (X,~) + ~ ( x - -  X); (3.3) 

L• = i)Pb~-x T D(q0, Z)q- D(•215 ). 
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At the  c r i t i c a l  point  ( for  k = 0) a l l  the  d e c r e m e n t s  a r e  r e a l  and  n e g a t i v e  e x c e p t  fo r  one which  i s  z e r o .  
F o r  a d e t e r m i n a t i o n  of  s t a b i l i t y  n e a r  the  c r i t i c a l  point ,  it i s  i m p o r t a n t  to know the  b e h a v i o r  f o r  s m a l l  v a l u e s  
of ~ o f  p r e c i s e l y  tha t  p e r t u r b a t i o n  whose  d e c r e m e n t  v a n i s h e s  when k = 0. The  a m p l i t u d e  and d e c r e m e n t  of 
t h i s  p e r t u r b a t i o n  can  be  r e p r e s e n t e d  in the  f o r m  of  s e r i e s  in ~:  

2 X = Y~ Xh~; • = ~ • a = ek;r (3.4)  
h = O  h ~ O  h = t  

Subs t i t u t ing  the  s e r i e s  (3.4) into (3.3), we ob t a in  fo r  z e r o  o r d e r  

Lxo=O; L• 

Without loss of generality, we can write ~<0=gol; X 0 = a~i, where a must be determined in the subsequent 

orders. We write the equations of the first order: 

Lz l= ( i  +a)D(,p. ~, )+~1(~- -a%);  

n •  +~)D(%,  ~l)+a~(aq%--ch). 

F r o m  the  cond i t i ons  of  s o l v a b i l i t y  of t h e s e  equa t ions  it fo l lows  t h a t  a s = 0; t h e r e f o r e ,  

Z,=(l +a)qh; z~=( l  +a)q~.  

T h e  s o l v a b i l i t y  cond i t i ons  fo r  t he  equa t ions  of  s econd  o r d e r  l e a d  to an a l g e b r a i c  s y s t e m  for  d e t e r m i n i n g  (r 2 
and a:  

a~(~ exp( - -2h l ) - -a~  ) =1 ~-a; a2(a ~ exp(2hl)--~) =1  + a; (3.5) 

~ = < l / l ~ > ;  ~ = < ] ~ > .  

The s y s t e m  (3.5) a d m i t s  of  two so lu t ions :  

a(t) = a - ]3 exp (-- 2il]) o " ( I )  ~ - -  2 r -- [~ cos 211. 
a-7-~exp(2i~l) ' - a ~ - ~  ' 

a c') = - -  i, ~2) = 0. 

We can  a s s u m e  tha t /9  is  r e a l ,  s i n c e  a r e a l / 3  can a lways  be  o b t a i n e d  by  a s u i t a b l e  cho ice  of f .  C o n s i d e r i n g  
the  p e r t u r b a t i o n s  in e q u i l i b r i u m  and t a k i n g  account  of  the  fac t  that  c ,  is  the  f i r s t  c r i t i c a l  n u m b e r ,  we can  
show tha t  a > I/3 I �9 T h e r e f o r e  ~2 (0 < 0, and the  c o r r e s p o n d i n g  p e r t u r b a t i o n  is d a m p e d .  Wi th  r e s p e c t  to the  
s e c o n d  so lu t ion ,  i t  can be shown tha t  the  c o r r e s p o n d i n g  d e c r e m e n t  r e m a i n s  z e r o  fo r  a l l  o r d e r s .  The e x i s t -  
ence  of n e u t r a l  p e r t u r b a t i o n s  i s  a s i m p l e  c o r o l l a r y  of the  fac t  tha t  we have  a con t inuous  se t  of s t a t i o n a r y  
s o l u t i o n s .  By d i f f e r e n t i a t i n g  the  s t a t i o n a r y  equa t ions  wi th  r e s p e c t  to ~ ,  we f ind  tha t  Eqs .  (3.3) a r e  s a t i s -  
f i ed  when X =~t=O(p/8~?, cr =0.  The s a m e  is  t r u e  f o r  convec t ion  in an in f in i te  p lane  h o r i z o n t a l  l a y e r  of 
h o m o g e n e o u s  l iquid,  w h e r e  it i s  p o s s i b l e  to have  s t a t i o n a r y  so lu t i ons  wi th  d i f f e r en t  p e r i o d s ,  and fo r  con-  
vec t i on  in a s p h e r i c a l  cav i ty ,  w h e r e  the  f u n d a m e n t a l  mo t ion  has  no s y m m e t r y  with  r e s p e c t  to a v e r t i c a l  ax i s ,  
so tha t  r o t a t i o n  by  an a r b i t r a r y  angle  about  t h i s  ax i s  l e a d s  to  a new so lu t ion .  

Thus ,  a l l  the  s o l u t i o n s  c o n s t r u c t e d  in Sec .  2 a r e  s t a b l e  n e a r  the  t h r e s h o l d  wi th  r e s p e c t  to s m a l l  p e r -  
t u r b a t i o n s ,  and t h e r e  is  a n e u t r a l  p e r t u r b a t i o n .  

4. In a r e a l  s i tua t ion ,  we can  s e l e c t  s o m e  s ing l e  so lu t i on  f r o m  the  t o t a l i t y  of  a l l  s t a t i o n a r y  so lu t i ons .  
Th i s  m a y  be  a c o n s e q u e n c e  of the  s m a l l  dev i a t i on  of the  cond i t ions  of the  p r o b l e m  f r o m  the  c ond i t i on s  c o n -  
s i d e r e d  above .  Le t  us  c o n s i d e r  the  ef fec t  p r o d u c e d  on the mot ion  by he a t i ng  which  i s  not  s t r i c t l y  v e r t i c a l .  
Suppose  tha t  at  the  b o u n d a r i e s  of the  r e g i o n  we a r e  g iven  a t e m p e r a t u r e  d i s t r i b u t i o n  such  tha t  u n d e r  cond i -  
t i o n s  of  pu re  hea t  conduc t ion  in  the r e g i o n  we would  have  a t e m p e r a t u r e  g r a d i e n t  wi th  a v e r t i c a l  componen t  
A v and a h o r i z o n t a l  componen t  A h. On the  b a s i s  of  t h i s  g r a d i e n t ,  we  can  e s t a b I i s h  two R a y l e i g h  n u m b e r s ,  
R v and R h.  We denote  by  A .  the  c r i t i c a l  va lue  of A v when A h = 0. I t  i s  conven ien t  to s e l e c t  the  fo l lowing  
un i t s  of  m e a s u r e m e n t :  f o r  the  s t r e a m  func t ion  2 c .  X, fo r  t e m p e r a t u r e  24"AvA.h ,  and  f o r  t i m e  bh2 /2c ,  X �9 

Aga in  s e p a r a t i n g  the  h e a t - c o n d u c t i o n  p a r t  f r o m  the  t e m p e r a t u r e  and i n t roduc ing  the  func t ion  ~0, we 
r e d u c e  the  p r o b l e m  to 

o(~_~)+Dr(p,_~=L~;_i}~a_~ +~3 ~a (~) i o(qo-+-~) (4.1) 
Ot ~ Ox t - - : , 3  dy  ; 

L = - - c ~  -~ A + i c , ~  ; )~= \ c, / ' "=\2--~,.~ " 
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C o n s i d e r i n g  ~ and ~ to  be  s m a l l ,  we  s h a l l  t r y  to f ind  s t a t i o n a r y  s o l u t i o n s  of  
Eq.  (4.1) a long  d i f f e r e n t  r a y s  ~ =t~ in the  f o r m  of s e r i e s  in p o w e r s  of  ~ . F o r  
the  f i r s t  p o w e r  we ob ta in  a h o m o g e n e o u s  p r o b l e m ,  f r o m  which  i t  f o l l ows  tha t  

( % = 8  exp (t~l)]; ~1 ~ -5' " 

F o r  the  t h i r d  p o w e r  we o b t a i n  the  equa t ion  

0% L%=iP-~-x + D(%,[o~) -b D(%,~h)--t. (4.2) 

L e t  us deno te  by  r v the  a m p l i t u d e  we would  have  f o r  the  g iven  v e r t i c a l  h e a t -  
ing  and f o r  ~ = 0. We se t  

( < / - - ~ = K  exp (i0); t ~  - -  ~-, g . .  

Then  the condi t ion  of s o l v a b i l i t y  of  Eq.  (4.2) can b e  w r i t t e n  in t he  f o r m  

~ - -  (e~t) ~ ~ q- K ~  exp i (ff - -  ~1) = 0. (4.3) 

Since  in (4.3) the  f i r s t  two t e r m s  a r e  r e a l ,  i t  f o l l ows  tha t  ~ = ~ .  Thus  the  d e g e n e r a c y  is r e m o v e d ,  and we 
f ind  a s e p a r a t e d  p h a s e  v a l u e .  F o r  d e t e r m i n i n g  the  a m p l i t u d e ,  we ob ta in  a cub ic  equa t ion  which  has  one r e a l  
so lu t i on  f o r  

t ~- < l~ = 3 t2~2 

and t h r e e  r e a l  s o l u t i o n s  fo r  t 2 > t 2 . .  The  r a y s  X =* t,~ a r e  b r a n c h i n g  l i n e s  in the  ~, - ~  p lane  which  s e p a -  
r a t e  r e g i o n s  wi th  one s o l u t i o n  f r o m  r e g i o n s  wi th  t h r e e  s o l u t i o n s .  F i x i n g  ~ and c o n s i d e r i n g  the  s o l u t i o n  
a long  v a r i o u s  r a y s ,  we can  ob ta in  e a s  a func t ion  of 1 ;  t h i s  i s  q u a l i t a t i v e l y  shown in F i g .  1. 

Thus ,  i t  is  su f f i c i en t  to have  an a r b i t r a r i l y  w e a k  l a t e r a l  he a t i ng  in o r d e r  to  ob ta in  a s i t ua t i on  i n w h i c h  
out  of  the  e n t i r e  s e t  of  s o l u t i o n s  we a r e  l e f t  wi th  on ly  one o r  t h r e e  which  behave  as  in a h o m o g e n e o u s  
l iqu id  [5]. 

The  s t a b i l i t y  of the  r e s u l t i n g  so lu t i ons  can  be  i n v e s t i g a t e d  in a m a n n e r  ana logous  to  tha t  of  Sec .  3. 
Wi thou t  c a r r y i n g  out the  c o m p u t a t i o n s ,  which  a r e  r a t h e r  c u m b e r s o m e  in t h i s  c a s e ,  we s h a l l  s t a t e  on ly  the  
f i na l  r e s u l t :  

= [ a ~ 2 7 -  (ad -b ~ cos 2@) • ]/(cod q- [~ cos 2~) 2 -k (1 --  d ~) (a 2 -- [~}, 
a2 \ % j a s - -  ~ ( 4 . 4 )  

w h e r e  d = 2 - t z ( e v / r  2. Since  a < ] fi ] , t he  e x p r e s s i o n  u n d e r  the  r a d i c a l  s ign  in  (4.4) i s  p o s i t i v e ,  i . e . ,  a 2 i s  
r e a l .  I t  can  be  s e e n  tha t  both  v a l u e s  a r e  n e g a t i v e  only  on the  u p p e r  b r a n c h  of  t he  t h r e e  i l l u s t r a t e d  in F i g .  1. 
T h i s  m e a n s  t ha t  the  on ly  s t a b l e  b r a n c h  i s  the  one c o r r e s p o n d i n g  to  the  " c o r r e c t "  d i r e c t i o n  of  c i r c u l a t i o n .  
The  l o w e r  b r a n c h  is  u n s t a b l e  wi th  r e s p e c t  to  one p e r t u r b a t i o n ,  and the  b r a n c h  a r i s i n g  out of  e q u i l i b r i u m  is  
u n s t a b l e  wi th  r e s p e c t  to two p e r t u r b a t i o n s .  In t h i s  r e s p e c t  the  s i t u a t i o n  d i f f e r s  f r o m  the  c a s e  of a h o m o -  
geneous  l iquid ,  in  which  the l o w e r  b r a n c h  is  s t a b l e .  

In conc lus ion ,  t he  au tho r  w i s h e s  to e x p r e s s  h is  g r a t i t u d e  to G. Z.  G e r s h u n i  f o r  h i s  s t a t e m e n t  of  the  
p r o b l e m  and his  i n t e r e s t  in t he  w o r k .  

L I T E R A T U R E  C I T E D  

1. Y. Ka t to  and T .  M a s u o k a ,  ', C r i t e r i o n  f o r  the  o n s e t  of  c onve c t i ve  f low in a f lu id  in a p o r o u s  m e d i u m , "  
I n t e r n .  J .  Heat  and M a s s  T r a n s f e r ,  10, No.  3, 297-309 (1967). 

2. G . Z .  G e r s h u n i  and  E . M .  Zhuldaovi t sk i i ,  Convec t ive  S t ab i l i t y  of an I n c o m p r e s s i b l e  L iqu id  [in Russ i an ] ,  
Nauka,  Moscow (1972).  

3. M . M .  V a i n b e r g  and V . A .  T r e n o g i n ,  T h e o r y  of B r a n c h i n g  of  Solu t ions  of  N o n l i n e a r  Equa t i ons  [in R u s -  
s i an ] ,  Nauka,  Moscow (1969). 

4.  V . I .  Yudovich,  ', F r e e  c o n v e c t i o n  a n d  b r a n c h i n g , "  P r i k l .  M a t e m .  Mekh . ,  31, No.  1 (1967).  
5. V . I .  C h e r n a t y n s k i i  and M. I .  S h l i o m i s ,  " C o n v e c t i o n  n e a r  c r i t i c a l  R a y l e l g h  n u m b e r s  f o r  an a l m o s t -  

v e r t i c a l  t e m p e r a t u r e  g r a d i e n t , "  I zv .  A k a d .  Nauk SSSR, Meld% Z h i d k .  Gaza ,  No. 1 (1973). 

261 


